We investigate the bounded cohomology of Lefschetz fibrations: we show that the Euler class of a Lefschetz fibration is bounded if and only if the collection of vanishing cycles satisfies a certain incompleteness property. As a consequence, we prove nontriviality of the simplicial volume for a class of Lefschetz fibrations.
The bounded cohomology H * b (X; R) is an invariant of topological spaces, which was introduced by Gromov in his work about the simplicial volume and has since then shown to be useful also in group theory and dynamics of group actions. A cohomology class β ∈ H * (X; R) is said to be bounded if it is in the image of the natural map H * b (X; R) → H * (X; R). Among other results, Gromov proved that characteristic classes in H * BG δ ; R , for G δ an algebraic subgroup of GL (n, R) equipped with the discrete topology, are bounded. This generalized the classical Milnor-Sullivan theorem that Euler classes of flat affine bundles are bounded. In this article, we consider the Euler class e ∈ H 2 (M ; Z) resp. e ∈ H 2 (M ; R) of Lefschetz fibrations M . A well-known theorem of Morita says that the Euler class e of a surface bundle is bounded. We generalize this theorem to give a precise condition under which the (real) Euler class e is bounded.
We will give all the basic definitions concerning Lefschetz fibrations and Euler class in chapter 1. Here, to state the main theorem, we recall that a Lefschetz fibration π : M → B with regular values B ′ ⊂ B and an identification F g ≃ π −1 (b) for some b ∈ B ′ , is given by the monodromy ρ : π 1 B ′ → M ap g, * which sends a fixed system of loops c 1 , . . . , c r to Dehn twists at so-called vanishing cycles v 1 , . . . , v r . Moreover recall that M ap g, * acts on π 1 (F, * ), and hence on the Gromov-boundary ∂ ∞ π 1 (Σ, * ).
Definition 1 Let Σ be a closed surface. A (possibly infinite) set of curves {c i } i∈I on Σ is called an incomplete curve system, if there exist two points p = q ∈ ∂ ∞ π 1 (Σ, * ) which are fixed points of the Dehn twist at c i , for all i ∈ I.
The notation 'incomplete curved system' is motivated by the following observation: If {c i } i∈I is a set of curves on Σ and we have a curve c ⊂ Σ which is not null-homotopic and which does not intersect any c i , then {c i } i∈I is an incomplete curve system in the sense of definition 1. 
Preliminaries, Plan of proof
Lefschetz fibrations. A smooth map π : M → B from a smooth (closed, oriented, connected) 4-manifold M to a smooth (closed, oriented, oriented) 2-manifold B is said to be a Lefschetz fibration, if it is surjective and dπ is surjective except at finitely many critical points {p 1 , . . . , p k } =: C ⊂ M , having the property that there are complex coordinate charts (agreeing with the orientations of M and B), U i around p i and V i around π (p i ), such that in these charts f is of the form f (z 1 , z 2 ) = z 2 1 + z 2 2 , see [4] . After a small homotopy the critical points are in distinct fibers, we assume this to hold for the rest of the paper. The preimages of points in B − π (C) are called regular fibers. It follows from the definition that all regular fibers are diffeomorphic and that the restriction
is a smooth fiber bundle over B ′ := B−π (C). Let Σ g be the regular fiber, a closed surface of genus g, and let, for an arbitrary point * ∈ Σ g , be M ap g, * the group of diffeomorphisms f : Σ g → Σ g with f ( * ) = * modulo homotopies fixing * . It is well-known, cf. [8] , that for any surface bundle one gets a monodromy ρ : π 1 M ′ → M ap g, * , which factors over π 1 B ′ . It follows from the local structure of Lefschetz fibrations that, for a simple loop c i surrounding π (p i ) in B, ρ (c i ) is the Dehn twist at some closed curve v i ⊂ Σ g , the 'vanishing cycle'.
Euler class of Lefschetz fibrations. For a topological space X, and a rank-2-vector bundle ξ over X, one has an associated Euler class e (ξ) ∈ H 2 (X; Z).
If π : M → B is a Lefschetz fibration, we may consider the tangent bundle of the fibers, T F , except at points of C, where this is not well defined. We get a rank-2-vector bundle L ′ over M − C with euler class e ′ := e (T F ) ∈ H 2 (M − C; Z). By a standard application of the Mayer-Vietoris sequence, there is an isomorphism
In what follows we will denote e as the Euler class of the Lefschetz fibration π : M → B. It is actually true (but we will not need it) that there exists a rank-2-vector bundle ξ over M such that ξ | M −C ≃ T F . It is the pullback of the universal complex line bundle, pulled back via the map f :
S 1 -bundles associated to surface bundles. For any surface bundle π ′ : M ′ → B ′ we may, after fixing a Riemannian metric, consider U T F , the unit tangent bundle of the fibers. This S 1 -bundle is, according to [8] , equivalent to the flat Homeo + S 1 -bundle with monodromy ∂ ∞ ρ, where ∂ ∞ : M ap g, * → Homeo + S 1 is constructed as follows. For f ∈ M ap g, * let f * : π 1 (Σ g , * ) → π 1 (Σ g , * ) be the induced map of fundamental groups, and ∂ ∞ f * the extension of f * to the Gromov boundary ∂ ∞ π 1 (Σ g , * ). It is well-known that ∂ ∞ f * is a homeomorphism and that there is a canonical homeomorphism ∂ ∞ π 1 (Σ g , * ) ≃ S 1 . (This works if π 1 Σ g is Gromov-hyperbolic, that is, for g ≥ 2. If Σ = T 2 , we homotope f to a map g : T 2 → T 2 which has a linear liftg : R 2 → R 2 and consider its action on the space of rays starting in 0, which is homeomorphic to S 1 . It is easy to see that Morita's argument carries over. If Σ = S 2 , there is nothing to do.) One should be aware that the extension of U T F to M − C is not flat: a loop surrounding a singular fiber is trivial in π 1 (M − C) but its monodromy is a Dehn twist, giving a nontrivial homeomorphism of S 1 .
Bounded Cohomology. It will be important for us to distinguish between bounded cohomology with integer coefficients, H 2 b (X; Z), and bounded cohomology with real coefficients, H 2 b (X; R). We refer to [7] for definitions. To avoid too complicated notation, we use the following convention: for β ∈ H * (X; Z), we denote β ∈ H * (X; R) its image under the canonical homomorphism H * (X; Z) → H * (X; R). Also, we will not distinguish between H * b (X; R) and H * b (π 1 X; R). A cohomology class β ∈ H * (X; Z) is called bounded if it belongs to the image of the canonical homomorphism H * b (X; Z) → H * (X; Z).
We will use the following two facts. (A) is proved in Bouarich's thesis, see [1] .
(B) is proved in [3] .
is an exact sequence of groups, then there is an exact sequence
(B): For any group Γ, there is an exact sequence, natural with respect to group homomorphisms,
Universal Euler class ([2]
). There is a class χ ∈ H 2 Homeo + S 1 ; Z such that, for any representation ρ : π 1 M → Homeo + S 1 associated to a surface bundle with Euler class e, one has ρ * χ = e. By the explicit construction in [8] or [2] , χ is bounded. By the main result of [2] , representations ρ : Γ → Homeo + S 1 are determined up to semi-conjugacy by their Euler class in H 2 b (Γ; Z). In particular, ρ * χ = 0 ∈ H 2 b (Γ; Z) implies that ρ is semi-conjugate to the trivial representation.
It follows from boundedness of the universal Euler class that surface bundles have bounded Euler class. The general statement, theorem 1, will follow from the next lemmas which will be proved in chapter 2. 
Proof of Theorem 1:
Assume that the Lefschetz fibration π has at least one critical point. Then B ′ is a punctured surface, π 1 B ′ is a free group, and V = ker (π 1 B ′ → π 1 B) is a subgroup, with a set of generators given by
where c 1 , . . . , c r represent simple loops around the punctures. (V is actually a free group, but we will not need this fact.)
The monodromy ρ : π 1 B ′ → M ap g, * maps c i to Dehn twists at the vanishing cycles v i . It follows that all elements of J are mapped to Dehn twists, since
is the Dehn twist at ρ (g) (v i ).
Let ρ | V be the restriction of the monodromy to V and e V be the Euler class of ρ | V . According to lemma 1, e is bounded if and only if e V ∈ ker H 2 b (V ; Z) → H 2 b (V ; R) . We have just checked that Γ := V satisfies the assumptions of lemma 2. Hence e is bounded if and only if
2 Criteria for bounded Euler class
Exact sequences
In this section, we derive necessary and sufficient conditions for the Euler class of a Lefschetz fibration to be bounded.
Recall that, for a Lefschetz fibration π : M → B with critical points C, B ′ := B − π (C) and M ′ := π −1 (B ′ ), we have a monodromy map ρ : π 1 B ′ → Homeo + S 1 with Euler class e ′ ∈ H 2 (π 1 B ′ ; Z). We will consider the subgroup V := ker (π 1 B ′ → π 1 B) and will denote e V ∈ H 2 b (V ; Z) the Euler class of ρ | V .
Lemma 1 Let π : M → B be a Lefschetz fibration with Euler class e. Then e is bounded if and only if
Proof: M ′ → B ′ is a surface bundle, hence has bounded Euler class e ′ . Let
From boundedness of e ′ = i * e and the commutative diagram
we see that e is bounded if and only if
Bouarich's exact sequence (A) implies that e ′ b ∈ im (i * ) if and only if the restriction of e ′ b to N is trivial in the bounded cohomology of N .
We have a commutative diagram
with all rows and columns being exact sequences.
A few remarks are in order about well-definedness of the involved homomorphisms. The second line is the long exact homotopy sequences of the surface bun-
Surjectivity of π * | N : N → V does not follow from the commutative diagram, but is easy to see geometrically. Indeed, each simple loop c i surrounding a puncture can be lifted to an elementĉ i ∈ N , just working in coordinate charts. For g ∈ π 1 B, we fix some liftĝ ∈ π 1 M . Thenĝĉ iĝ −1 is an element of N , projecting to gc i g −1 . Since V is generated by elements of the form gc i g −1 , we have surjectivity. 
Fixed points of Dehn twists
Here we want to prove the observation after definition 1, to get a more workable criterion for bounded Euler class.
Let Σ be a closed surface, * ∈ Σ, and f : Σ → Σ a homeomorphism with f ( * ) = * . We denote f * : π 1 (Σ, * ) → π 1 (Σ, * ) the induced homomorphism, and 
Proof:
Fix * ∈Σ projecting to * ∈ Σ. For f : Σ → Σ with f ( * ) = * , the (unique) liftf of f to the universal coverΣ ≃ H 2 (withf ( * ) = * ) is a quasiisometry of H 2 and induces a homeomorphism ∂ ∞f of ∂ ∞ H 2 ≃ S 1 which agrees with ∂ ∞ f * , as is well-known.
Assume * ∈ c. There is a unique geodesicc ⊂ H 2 projecting to c and passing through * . Let p and q be the ideal boundary points ofc. Since c does not intersect c i , we have t i | c = id, implying thatt i |c= id and therefore ∂ ∞ t i (p) = p, ∂ ∞ t i (q) = q for all i ∈ J. 2
